Abstract: We obtain two equivalent conditions for polynomials in variables to form a -basis of a ring of constants of some polynomial K -derivation, where K is a unique factorization domain of characteristic > 0. One of these conditions involves Jacobians while the other some properties of factors. In the case = this extends the known theorem of Nousiainen, and we obtain a new formulation of the Jacobian conjecture in positive characteristic.
Introduction
In this paper we give a full characterization of -bases of kernels of polynomial derivations, Theorem 4.4. We refer to the sufficiency condition (i) and the necessity condition (iv) from [10, Theorem 2.3] . Namely, we show that in the case of the polynomial algebra, the condition (i) is also necessary, and we strengthen the condition (iv) to make it also sufficient. The crucial fact we need, to realize this aim, is the positive characteristic version of Freudenburg's lemma for polynomials, where the zero characteristic version was obtained in [11, Theorem 4.1] . Note also that a characterization of one-element -bases was obtained in [8, Theorem 4.2] . Let us sketch more precisely all these connections.
One-element -bases
Nowicki and Nagata in [17] obtained some interesting results concerning rings of constants (kernels) of -derivations of the polynomial algebra [ ], where is a field. They showed that such a ring is always (except zero derivation) of the form
• [ ] for some ∈ [ ] if char = 0,
• [ 2 2 ] for some ∈ [ ] if char = 2.
In the case of char = > 2 they gave an example of a nonzero derivation whose ring of constants is not of the form [ ].
The author has studied the rings of constants of derivations in positive characteristic, especially properties of single generators (that is, one-element -bases over the respective subring). Consider the following question: When ? It was proven in [5] that if is homogeneous modulo and of a nonzero degree, the following conditions are both necessary and sufficient for this property: In [7] some generalizations of the problem were considered. It was established that condition (a) is a sufficient one for an arbitrary polynomial , whereas in [8] it was shown that it is as well necessary for any . Moveover, another condition equivalent to (a) has been obtained:
such that gcd( ) = 1 the polynomial + has no square factors and no factors from 
Many-element -bases
Nousiainen in [15] (see also [13, 14] ) proved that, given polynomials ]. Conditions for existence of -bases of ring extensions have been recently studied by Ono [18, 19] .
The Jacobian condition is an analog of (a) for polynomials. It is natural to ask, for ∈ {1 }, when polynomials form a -basis of a ring of constants of a -derivation ( [   1   ] is the only such ring if = ).
Consider the following conditions on polynomials
, where K is a UFD of characteristic > 0 and > 1:
(ii) the polynomials 1 form a -basis of a ring of constants of some K -derivation, (iii) the polynomials 1 are -independent and gcd .
The following implications were obtained in [10, Theorem 2.3]: (i) ⇒ (ii) ⇒ (iv) and (i) ⇒ (iii) ⇒ (iv). It was clear that (iv) is, in general, not sufficient for (ii), whereas the necessity of (i) is an open question.
The aim of this paper is to prove that the above condition (i) is also necessary for (ii), and to modify (iv) to make it both necessary and sufficient.
Freudenburg's lemma
The main preparatory result we need to close the chain of implications in Theorem 4.4 is the positive characteristic version of Freudenburg's lemma for polynomials. The original version of this lemma was presented by Freudenburg in [4] for one polynomial in two variables over C. The author obtained the following generalization for one polynomial over an arbitrary field (even a UFD).
Lemma 1.1 (Freudenburg).

Given a polynomial ∈
C[ ], suppose ∈ C[ ]
Theorem 1.3 ([8, Theorem 3.1]).
Let K be a UFD, P a prime ideal of K
The version for polynomials in variables over a field of characteristic zero has the following form.
Theorem 1.4 ([11, Theorem 4.1]).
Let be a field of characteristic zero, 
It is a remarkable consequence of the above theorem that we obtain a characterization of polynomial endomorphisms satisfying the Jacobian condition as those mapping irreducible polynomials to square-free polynomials [11, Theorem 5.1] . In this paper we will obtain Freudenburg's lemma for polynomials in positive characteristic in two forms: Proposition 3.5 and Theorem 3.6.
The main theorem and the connection with the Jacobian conjecture 
Rings of constants of derivations and -bases
Let A be a domain (that is, a commutative ring with unity, without zero divisors) of characteristic > 0. Let B be a subring of A containing A , where A = { : ∈ A}. As the main example one may consider the polynomial algebra
, where K is a domain of characteristic > 0.
We will use the multi-index notation. Denote Ω = {(α 
If is a derivation of A, then its kernel is called the ring of constants, and is denoted by A , see [16] ∈ A, which may be chosen -independent over B. For details, see [5, 6] . Note also that if A is a K -algebra, where K is a domain of characteristic > 0, then every K -derivation of A is a B-derivation, where B = K A
(and so A ⊂ B).
We are particularly interested in -bases of rings of constants. The latter can be defined in several equivalent forms. 
Lemma 2.2.
Given arbitrary elements
A generalization of Freudenburg's lemma
where means that the element is omitted. 
Lemma 3.3.
Consider a subring T ⊂ A such that B ⊂ T . Given a polynomial ∈ A, the element is -dependent over T if and only if there exist ∈ T , / ∈ Q, such that
+ ∈ Q.
Proof. The element is -dependent over T if and only if it belongs to (T )
0 , that is, it can be presented in the form − / for some ∈ T such that = 0, that is, / ∈ Q. We obtain the equality · + = 0, hence + ∈ Q.
The following proposition is a positive characteristic analog (for arbitrary number of polynomials) of [11, Lemma 3.1] . }, such that
for every K -derivation of A. Note that the polynomials , = , cannot all be divisible by . Indeed, in such case we would have and | ( ), so | ( ) for every K -derivation , what is not true for = ∂/∂ such that ∂ /∂ = 0 (recall that / ∈ B). Thus for some = , so, by Proposition 3.4 (b), is -dependent over 
A characterization of -bases of rings of constants
Recall that if A is a domain, then two elements ∈ A are called associated, ∼ , if = for some invertible element ∈ A. An element ∈ A is called square-free if it is not divisible by a square of any noninvertible element. In the following proposition we obtain a necessary condition for a -basis, stronger than (iv) of [10, Theorem 2.3]. It will follow from Theorem 4.4 that in the case of the polynomial algebra this condition is also sufficient. ( 1 ) is divisible by some irreducible polynomial ∈ A. Then, by Theorem 3.6, at least one of the conditions (i)-(iii) holds. In each case, using Lemma 4.3, we deduce ¬(c).
